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NOMENCLATURE 

dimensional band absorptance [cm-‘]; 
dimensionless band absorptance; 
line width to spacing parameter; 
a constant defined by the band type: 
first exponential integral; 
equivalent broadening pressure; 
mean line intensity to spacing ratio [cm’g-‘1; 
dimensionless pathlength; 
mass pathlength [g cm- “1; 
integrated band intensity [cmg-‘1; 
line width to spacing parameter; 
Euler’s constant, 0577216; 
defined by equation (7); 
wavenumber [cm-‘]; 
transmissitivity; 
band width parameter [cm-i], 

1. I~RODU~ION 

A VERY usefu1 quantity employed in the calculation of energy 
transfer from infrared-radiating gases is the total band 
absorptance. Its importance and its application have been 
discussed in several recent articles [l-4], and some theoretic- 
ally and empirically based methods for its determination have 
been proposed [I, 3,5-71. 

Theoretically, Edwards and Menard [1] proposed the 
exponential wide band model, and used it in conjunction 
with the narrow band statistical model to determine the total 
band absorptance. In their results, and in subsequent 
modifications, they were only able to define various expres- 
sions applicable in different ranges of the governing para- 
meters. Hsieh and Greif [S] using the harmonic oscillator- 
rigid rotator approximation along with the exponential 
wide band model calculated the total band absorptance for 
a variable line intensity Elsasser type band. Their results were 
only attainable by numerical integration and no general 
closed form expression was offered. Consequently these 
theoretical results are only expedient in graphical form. 

Other efforts have been directed towards the determina- 
tion of empirical closed form expressions. Tien and Lowder 
[6] proposed a fairly accurate, but relatively complex 
continuous correlation of Edwards’ results. Subsequently, 

Cess and Tiwari [3] offered a simpler but less accurate 
formula and Tien and Ling [7] proposed a simple two- 
parameter correlation applicable under certain thermo- 
dynamic conditions. 

These last three efforts, although producing useful closed 
form expressions, were empirically based and relied on curve 
matching techniques for their derivations. The closed form 
expression offered in the present work, however, isestablished 
on a theoretical basis using the identical assumptions which 
Edwards and Menard originally employed. 

2. THEORY 

To account for the line structure of a vibration-rotation 
band the Goody statistical model [S] is used. For a dispersion 
line shape and an exponential probability distribution, this 
model predicts the mean spectral transmissivity of a narrow 
band of rotational lines to be: 

where (S/d) is the mean line intensity to spacing ratio, B is n 
times the mean line width to spacing ratio for a dilute mixture 
at one atmosphere pressure, x is the mass pathlength, Pa an 
equivalent broadening pressure and v the wavenumber. 

To specify the wavenumber variations of the parameters 
(S/d) and R, the Edwards model [4] is employed. In this 
model, it is assumed that B is independent of wavenumber 
and (S/Z) varies only slowly with wavenumber across the 
entire wide band and not from line to line. This variation is 
taken to be exponential in nature using the forms: 

(3, = (~)exp(-2’~- “O> (2) 

for a symmetrical band having a center at va, and: 

(Jv = (~)exp(-‘v~ “‘> (2a) 

for bands with upper or lower wavenumber heads at ve. In 
these expressions GI is the integrated band intensity and cu is 
the band width parameter. 

The total band absorptance is defined as: 

A = j (1 - zy)dv. 
Wide band 

(3) 
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Upon substituting equations (I) and (2) into (3). the following 

expression is obtained: 

there results: 

where C, = 2 for a symmetrical band and C, = 1 for bands The first integral is given in Abramowitz and Stegun [9] as 
with upper or lower wavenumber heads. Letting j 

then 

/3 = BPe (6) where E, is the first exponential integral and y = 0577216 

p = , + u ev ( T C, I y - lie Ii4 
P 1 

* is Euler’s constant. The second integral cannot be directly 

integrated into a closed form. However, it may be evaluated 

exactly by numerical integration. In addition, an extremely 

successful kernel substitution has been discovered that allows 

dl\j-vO(=-;[(i’liIl’(lldp 

the determination of an accurate and relatively simple 

closed form expression for this integral. The following 
0 substitution method yields values that are nearly identical 

and with those of the exact integration. 

11 +i”ilillc The substitute kernel is taken to be: 

Letting 

then 

rl !!I ,/($ + 4) 
p=- ~-- 

2 

Since p > 0 always, the positive root in the above expression 

must always be taken. Therefore, 

? + :cs’ + 4) 
p = 

2 

and 

dv. 

Letting 

, __ c-x 1 
2 __.._ 

1 [x” + I]*’ 
(IO) 

These two expressions are identical in the limits of small and 

large values of X. That is, for x & 1 they both approach to 

one and for s $ 1 they both reduce to l/x. Deviation between 

the two is essentially limited to the range 0.2 < x < 2.0 

with the maximum difference being Il.5 per cent at about 

Y = 08. Using this substitution. the second integral is 

evaluated forthright as follows: 

letting 

then 

II”:2 

1 
( !I - em2”“)U - e-“ldx 
J x 

The limits become 

p = 1. 7, = 0 

P-.[l +;1’. %=[;(l+;Ji. 

?I%.‘2 

I 
dV. 

= [E,(rl,P) + In (a/2) + ?I 

+ [E,WfJ + In @vu) + vl 
- (E,[(?“P) (1 + 2811 + In [(r1,/2) (1 + m + ?i. 
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The resulting closed form expression for the total band 
absorptance is then: 

+ In (BsJz + 2y 
[ 1 1+2/3 . (12) 

A comparison of the values of A as calculated numerically 
using the exact expression, equation (8), and the closed form 
expression resulting from the kernel substitution, equation 
(12), is given in Table 1. The two methods of calculation yield 
values which are in excellent agreement over the complete 
range of the governing parameters. Hence, equation (12) 
may be considered a near exact expression for the total band 
absorptance. 

3. RESULTS AND DISCUSSION 

The present results are plotted in Fig. 1 along with the 
calculations of Hsieh and Greif [S] and the correlation of 
Tien and Lowder [6]. There is good agreement with the 

theoretical values of Hsieh and Greif over the entire range of 
u and j. The Tien-Lowder empirical correlation agrees with 
the two theoretical methods for values of fi on the order of 
0.01 and greater, but it appears to be unreliable for values 
of B smaller than this. 

It would be interesting to compare Edwards’ four region 
expressions with the corresponding expressions resulting 
from the present analysis. Unfortunately, due to the forms 
of the expansions of the E, function the present results 
cannot be put into expressions which allow comparisons 
with each of the four Edwards expressions. However. it is 
possible to make such comparisons in the linear and the 
“strong” logarithmic regions. The functions for these 
regions, as defined by Edwards and by equations (8) and (12), 
are presented in Table 2. As expected, in the linear region the 
expressions are the same. In the “strong” logarithmic region 
(j + cc and u on the order of 3 or larger) the expressions 
resulting from equations (8) and (12) are identical whereas 
Edwards’ expression shows the same functional dependence 
on u but contains a different additive constant. It should be 
noted that for small to moderate values of u the percentage 
difference between the expressions can be quite substantial. 

Table 1. Comparison of exact and kernel substitution evaluations of the total band absorptance (AE and ‘;4, respectively) 

\ 
u B 
\ \ 

0.001 
0.01 
0.1 
1 

10 
100 

1000 
10000 

0.001 001 

‘4, ‘4, ‘4, AK 

00JO83 0.00082 OQOO98 OQOO98 
0.00463 000447 0.00827 OQO817 
001805 0.01785 0.04596 0.04487 
0.06078 006072 0.17633 0.17436 
0.19312 0.19312 0.56642 0.56570 
0.58378 0.58377 1.5737 1.5733 
1.5912 1.5912 3.4588 3.4585 
3.4763 3.4763 5.7401 5.7398 

040100 
@00974 
008133 
042780 
1.4227 
3.3064 
5.5877 
7.8903 

0.1 1 

4 4 

@00100 0~00100 
DO0973 oGo995 
0.08037 0.09532 
0.41314 0.69668 
1.4046 2.4633 
3.2950 4.7418 
5.5772 7.0444 
7.8799 9.3470 

4 

0~00100 
0.00995 
0.09529 
0.68897 
2.3876 
4.6510 
6.9626 
9.2661 

10 

A, ‘4, 

O~OOlcKl ONllOO 
000997 0.00997 
0.09732 0.09732 
0.78383 0.78383 
2.8300 2.8090 
51325 5.0213 
7.4351 7.3103 
9.7377 9.6218 

Dimensionless mass path length, u 

FIG. 1 
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Table 2. Comparison of the limiting expressions for the total band absorptance 
-- 

Edwards Equation ( 12) Equation (8) 

linear 11 ;/ 1, 
“Strong” 
logarithmic 

In u t- 1.0 In I( -1 0 57 7 In I, t 0 CT- 
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